A wave equation, that governs finite amplitude acoustic disturbances in a thermoviscous Newtonian fluid, and includes nonlinear terms up to second order, is proposed. In contrast to the model known as the Kuznetsov equation, the proposed nonlinear wave equation preserves the Hamiltonian structure of the fundamental fluid dynamical equations in the non-dissipative limit. An exact traveling front solution is obtained from a generalized traveling wave assumption. This solution is, in an overall sense, equivalent to the Taylor shock solution of the Burgers equation. However, in contrast to the Burgers equation, the model equation considered here is capable to describe waves propagating in opposite directions. Owing to the Hamiltonian structure of the proposed model equation, the front solution is in agreement with the classical Rankine-Hugoniot relations. The exact front solution propagates at supersonic speed with respect to the fluid ahead of it, and subsonic speed with respect to the fluid behind it, similarly to the fluid dynamical shock. Linear stability analysis reveals that the front is stable when the acoustic pressure belongs to a critical interval, and is otherwise unstable. These results are verified numerically. Studies of head-on colliding fronts demonstrate that the front propagation speed changes upon collision.
I. INTRODUCTION
The "classical" equation of nonlinear acoustics [1] , the so-called Kuznetsov equation [2] , governs finite amplitude acoustic disturbances in a Newtonian, homogeneous, viscous, and heat conducting fluid. The model equation and its paraxial approximation, the Khokhlov-ZabolotskayaKuznetsov (KZK) equation [2, 3] , are occasionally encountered within studies related to nonlinear wave propagation. See e.g. the recent works by Jordan [4] who presented the derivation and analysis of an exact traveling wave solution to the one-dimensional Kuznetsov equation, and by Jing and Cleveland [5] who described a three-dimensional numerical code that solves a generalization of the KZK equation, and the references cited in the introductory sections of those papers. Other recent works based on the Kuznetsov equation include: analysis of energy effects accompanying a strong sound disturbance [6] , studies of generation of higher harmonics and dissipation based on a 3D finite element formulation [7] , and studies of nonlinear wave motion in cylindrical coordinates [8] . The derivations of the Kuznetsov equation [2, 9, 10] and related model equations [11, 12, 13 ] * Electronic address: anders r r@yahoo.com are based on the complete system of the equations of fluid dynamics. It has been demonstrated that this system of equations is of Hamiltonian structure in the nondissipative limit [14] . However, in the non-dissipative limit, the Kuznetsov equation does not retain the Hamiltonian structure.
In this paper we propose a nonlinear wave equation, which, in the non-dissipative limit, preserves the Hamiltonian structure of the fundamental equations. Furthermore, we present the derivation and analysis of an exact traveling front solution, which applies equally well to the proposed nonlinear wave equation and the Kuznetsov equation. The derivation of the exact solution is based on a generalized traveling wave assumption, which leads to a wider class of exact solutions compared to the one reported by Jordan [4, 15] . Furthermore, the introduction of the generalized assumption is necessary in order to interpret the results of numerical simulations of head-on colliding fronts presented in this paper. In order to relate our results to the classical literature, we demonstrate that the exact front solution retains a number of properties of the fluid dynamical shock. The paper is structured as follows: The proposed equation and its Hamiltonian structure are discussed in Section II. Section III contains the derivation of our exact traveling front solution and analysis of its stability properties. In Section IV we demonstrate that the front is related the classical shock. Section V presents numerical investigations of the front, while Section VI contains our conclusions.
II. NONLINEAR WAVE EQUATIONS
Equations governing finite amplitude acoustic disturbances in a Newtonian, homogeneous, viscous and heat conducting fluid may be derived from the following four equations of fluid dynamics: the equation of motion
the equation of continuity
the heat transfer equation
and the equation of state
Here x = (x, y, z) are the spatial (Cartesian) coordinates and t denotes time. u = (u, q, w) is the fluid particle velocity, ρ is the density of the medium, p, s, and T are the thermodynamic variables pressure, entropy and temperature, respectively. η and ζ are the coefficients of shear and bulk viscosity, and κ is the heat conductivity coefficient. ∆ is the Laplace operator.
To obtain a nonlinear wave equation all dependent variables except one are eliminated from the system (1)-(4), resulting in a nonlinear wave equation for that single variable [2, 9, 10, 11, 12, 13] . The deviations of ρ, p, s, and T from their equilibrium values, ρ 0 , p 0 , s 0 , and T 0 are assumed to be small, as well as the fluid particle velocity, |u|. The heat conductivity coefficient κ and the viscosities η and ζ are also treated as small quantities. In order to obtain a second order approximation, all equations are written retaining terms up to second order in the small quantities. It is assumed that the flow is rotation free, ∇ × u = 0, thus
where ψ is the velocity potential. Furthermore, it has become customary to use the following approximation for the equation of state [16] where B/A is the fluid nonlinearity parameter [17] and c 2 0 ≡ (∂p/∂ρ) s,ρ=ρ0 is the small-signal sound speed. Then, from Eqs. (1)- (6) we obtain the following nonlinear wave equation
where b is the diffusivity of sound [18] b ≡ 1 ρ 0
and C V and C p denote the heat capacities at constant volume and pressure, respectively. Typical values of the physical parameters c 0 , B/A, and b are given in Table I . In the first order approximation, Eq. (7) reduces to
Introducing Eq. (9) in the first term on the right hand side of Eq. (7), the Kuznetsov equation [2]
is obtained. In absence of dissipation, i.e. η = ζ = 0, Eqs. (1) and (2) possess Hamiltonian structure [14] . This property is, however, not retained in Eq. (10) with b = 0, i.e. the nondissipative limit of the Kuznetsov equation is not Hamiltonian. In contrast, Eq. (7) does retain the Hamiltonian structure in the non-dissipative limit. Accordingly, the equation may be derived from the Lagrangian density
using the Euler-Lagrange equation 1 . From the Legendre transformation [22] we obtain the corresponding Hamiltonian density as
which may be integrated to yield the total Hamiltonian
Taking the time derivative of H in Eq. (13) with H replaced by Eq. (12), and using Eq. (7), one can obtain a simple expression for dH/dt. Doing this in one spatial dimension we obtain after some calculations
In Eq. (14), which is sometimes called the energy balance equation, we observe that the first terms on the right hand side correspond to energy in-and output at the two boundaries, and that the last term accounts for energy dissipation inside the system. In the remaining portion of this paper we shall limit the analysis to one-dimensional plane fields, in which case the proposed model equation (7) reduces to
where subscripts indicate partial differentiation. Finally, for later reference we give the second-order expressions for the acoustic density, ρ − ρ 0 , and acoustic pressure, p − p 0 , in terms of the velocity potential, ψ. From the equations of motion (1) and state (6) , subject to the basic assumptions of the derivation of the two model equations (7) and (10), we obtain
1 Letting η = ζ = 0, u = −∇ψ, and p = ρ γ /γ in Eqs. (1) (2) , and (4), respectively, one can derive the Lagrangian density
corresponding to the potential Euler equation (PEE) given in Ref. 21 . Expanding L P EE to third order and letting γ = B/A+1 we obtain Eq. (11) .
respectively. It should be noted that Eqs. (16) and (17) are derived from the fundamental equations, thus, the expressions are not specific to any of the two model equations (7) and (10).
III. EXACT TRAVELING FRONT SOLUTION
Recently, a standard traveling wave approach was applied to the one-dimensional approximation of the Kuznetsov equation (10) to reveal an exact traveling wave solution [4, 15] . In this section we extend the standard approach by introducing a generalized traveling wave assumption and analyze the stability properties of the solution.
A. Generalized traveling wave analysis
We introduce the following generalized traveling wave assumption
where λ and σ are arbitrary constants, v denotes the wave propagation velocity, and ξ ≡ x − vt is a wave variable. The inclusion of −λx + σt in Eq. (18) leads to a wider class of exact solutions, compared to the one obtained from the assumption ψ = Ψ(x − vt), which is the standard one. Furthermore, the introduction of the generalized assumption is necessary in order to interpret the results of numerical simulations of head-on colliding fronts presented in Section V B. Inserting Eq. (18) into the nonlinear wave equation (15) we obtain the ordinary differential equation
where prime denotes ordinary differentiation with respect to ξ. Integrating once and introducing Φ ≡ −Ψ , Eq. (19) reduces to
where C is a constant of integration. Requiring that the solution satisfy Φ → 0 as ξ → ±∞, and either
where θ is an arbitrary constant, lead us to C = 0 and
In order to obtain our traveling wave solution, we separate the variables in Eq. (20) subject to C = 0, then, using Eq. (22), we find the solution to be the traveling front
where x 0 is an integration constant, |l| is the front thickness, and 0 < Φ < θ. Finally, using Φ = −Ψ and inserting Eq. (23) into Eq. (18) we obtain (apart from an arbitrary constant of integration)
which is the exact solution for the velocity potential.
Traveling tanh solutions, such as the front solution (23) , are often called Taylor shocks. The existence of an exact solution of this type to the classical Burgers equation is a well known result [23] . However, the Burgers equation is restricted to wave propagation either to the left or to the right. The model equation considered in this paper does not suffer from this limitation, as shall be illustrated in Section V B.
Regarding the exact solution derived above, the physical properties of the flow associated with the traveling front are obtained from the partial derivatives of Eq. (25), which are given by
According to Eq. (5) the fluid particle velocity is obtained as u = −ψ x , and the first order approximation of Eq. (17) yields the acoustic pressure as p − p 0 ≈ ρ 0 ψ t . The boundary conditions of the front are obtained from Eqs. (23) and (26) as
where upper (lower) signs apply for l > 0 (l < 0). Hence, the four parameters v, θ, λ, and σ, that was introduced in the derivation of the exact solution, determine the four boundary conditions of the front. From these boundary conditions we find that θ and vθ correspond to the heights of the jump across the front measured in −ψ x and ψ t , respectively, see Fig. 1 . At this point it is appropriate to emphasize that, in order for the exact solution to exist, the four parameters v, θ, λ, and σ must satisfy the cubic equation (22) . Furthermore, the allowable values of the wave propagation velocity correspond to the real roots of this equation. A noticeably property of Eq. (22), which will prove useful later on, is that the equation is invariant under the transformation
Also the boundary conditions (27) are invariant, since, according to Eq. (24), the above transformation leads to l → −l. (15) represents a traveling front. In order for the solution to exist, the wave propagation velocity, v, the front height, θ, and the two constants, λ and σ, must satisfy Eq. (22) . The plot shows a front with l > 0.
In order to investigate the relationship between the front height, θ, and the front propagation velocity, v, we solve Eq. (22) with respect to θ to obtain
For B/A < 1 the curve θ(v) has singularities at
and for B/A > 1 the curve has a maximum 2 at (v, θ) = (v max , θ max ), where v max is obtained as
2 The critical point (v, θ) = (vmax, θmax) was identified by Jordan [4] as the solution bifurcation point.
when λ = 0 and σ = 0. These two characteristic properties of the curve are illustrated in Fig. 2 . Finally, it should be emphasized that the generalized traveling wave analysis conducted above also applies to the one-dimensional approximation of the Kuznetsov equation (10) . In this case Eq. (22) is replaced by
and Eq. (24) by
Apart from these changes, a generalized traveling wave analysis of the Kuznetsov equation is basically identical to that of Eq. (15). The Hamiltonian structure, however, is unique to the proposed nonlinear wave equation (7) and its onedimensional approximation Eq. (15) . In order to establish a relationship between the exact solution, derived in this section, and the Hamiltonian structure of the governing equation, we insert Eq. (25) into Eq. (14) and the one-dimensional approximations of Eqs. (12) and (13) . Then, after some calculations, we find that Eq. (14) reduces to the cubic equation (22) . Hence, the exact traveling front solution of the proposed Hamiltonian model equation (15) satisfies the energy balance equation (14) .
B. Linear stability analysis
In order to gain insight into the stability properties of the traveling front solution we initially consider the 3 Eliminating λ and σ from Eq. (32) makes the equation equivalent to the previously reported result [4] constant solution
which satisfies the nonlinear wave equation (15) . The two constants K and L are arbitrary. In order to investigate the linear stability properties of this solution, we add small perturbation terms to the constant values as
where χ = χ(x, t) and ε 1. Then, inserting Eqs. (35) into Eq. (15) and keeping terms up to first order in ε we obtain the following linear perturbation equation
Inserting the single Fourier mode
where D is the amplitude, k is the wave number, and ω is the angular frequency, into Eq. (36), we obtain the following dispersion relation
The constant solution (34) is asymptotically stable only if all solutions of Eq. (36) approach zero as t → ∞. This is the case when the imaginary part of both roots in Eq. (38), ω 1 and ω 2 , are negative. It can be shown that for B/A > 1 the only requirement in order for the imaginary part of both roots to be negative is
When B/A < 1 the only requirement for both roots to have a negative imaginary part is
Hence, the stability properties of the constant solution (34) are determined exclusively by L, i.e. the constant value of ψ t . Recall that the acoustic pressure is proportional to ψ t , thus, the level of the acoustic pressure determines the stability properties of the solution.
In order for the front solution to be stable, it is a necessary condition that both left and right asymptotic values of ψ t , given by Eq. (27b), belong to the interval (39) when B/A > 1, and the interval (40) when B/A < 1. In Section V A we shall further investigate this stability criterion by means of numerical simulations.
IV. FRONT-SHOCK RELATIONSHIP
Within fluid dynamics, a shock denotes a sharp change of the physical quantities. A shock propagates at supersonic speed with respect to the fluid ahead of it, while it remains subsonic with respect to the fluid behind it. The physical quantities of the flow on each side of the shock are connected by the Rankine-Hugoniot relations, which are conservation equations for mass, momentum and energy. In the following we shall demonstrate that the front solution of the proposed Hamiltonian model equation (15) retains these properties.
A. The Rankine-Hugoniot relations
Using square brackets to denote the change in value of any quantity across a shock, e.g.
where b denotes the value behind the shock and a denotes the value ahead of it, the Rankine-Hugoniot relations may be written as [24] mass :
momentum :
energy :
where v is the shock propagation velocity and h is the enthalpy. We now replace u, ρ, p, and h with expressions in terms of ψ x and ψ t , and write all equations retaining terms up to second order. Upon setting u = −ψ x and substituting Eqs. (16) and (17) into Eqs. (42) and (43) we thus obtain
and
respectively. The dissipative terms involving κ, ζ, and η do not appear in Eqs. (45) and (46), since ψ xx → 0 ahead of and behind the front. The changes in ψ x and ψ t across the front are obtained from the boundary conditions (27). Assuming that l > 0 and v > 0, and using the notation introduced in Eq. (41) we may write
Furthermore, changes in products of ψ x and ψ t are
Inserting Eqs. (47) into Eqs. (45) and (46) both conservation equations reduce to the cubic equation (22) . This striking result leads to the conclusion, that Eq. (22) implies conservation of mass and momentum. At this point it should be noted that the generalized traveling wave analysis of the Kuznetsov equation (10) leads to the cubic equation (32), which is not in agreement with the conservation equations for mass and momentum. In order to handle the enthalpy in the condition for energy conservation (44) we shall make use of the following fundamental thermodynamic relationship [24] 
Using the equation of motion (1), subject to the basic assumptions of the derivation of the model equations in Section II, we obtain from Eq. (44)
Alternatively, Eq. (49) follows directly from the generalized traveling wave assumption (18) . Hence, the traveling wave assumption implies energy conservation in the flow.
B. Sub-/supersonic speeds of propagation
In order to determine whether the traveling front solution, derived in Section III A, propagates at sub-or supersonic speed with respect to the fluid ahead of it and the fluid behind it, we need to introduce the speed of sound in these regions of the fluid. Without loss of generality, we may consider only fronts propagating in the positive direction, v > 0, since Eq. (15) is invariant under the transformation x → −x. Furthermore, we shall limit the analysis to stable fronts, i.e. ψ t must belong to the interval (39) when B/A > 1, and the interval (40) when B/A < 1. Then, letting θ → 0 in Eq. (22) and solving for v yields the small signal propagation velocity, which is equivalent to the speed of sound, c. Introducing λ = K and σ = L we obtain
where K and L denote the constant levels of −ψ x and ψ t , respectively, at which the speed of sound (50) 
Hence, in all cases, the propagation velocity of the exact traveling front solution is supersonic with respect to the fluid ahead of the front, and subsonic with respect to the fluid behind it.
V. NUMERICAL RESULTS
All numerical calculations rely on a commercially available software package 4 , which is based on the finite element method. For convenience we introduce the following non-dimensional variables, denoted by tildẽ
Under this transformation we may write Eq. (15) as
where the tildes have been omitted. From a comparison of Eqs. (15) and (57) Eq. (57). Non-dimensional versions of the parameters, v, θ, λ, and σ, also indicated by tilde, becomẽ
In the following analysis we consider only the nondimensional formulation of the problem. For notational simplicity we shall omit the tildes.
A. Investigation of the front stability criterion
In order to investigate, numerically, the stability properties of the front, we chose as initial condition for the numerical solution, the exact solution given by Eqs. (25) and (26), and choose v, θ, λ, σ, and B/A such that Eq. (22) is satisfied. For the sake of clarity, we shall limit the numerical investigations to the specific case of λ = 0, σ = 0, v > 0, and l > 0, which, according to Eq. (27), corresponds to fronts propagating to the right into an unperturbed fluid.
A first numerical simulation is presented in Fig. 3 . Evidently, the numerical algorithm successfully integrates the initial condition forward in time. This finding indicates that, for the specific choice of parameters, v = 1.4, θ = 0.127, and B/A = 5, the front exists and is stable. A second numerical simulation is presented in Fig. 4 . This initial condition is given a larger velocity, v = 1.7, and a larger height, θ = 0.153, while B/A = 5 remains unchanged compared to the first example. The parameters are chosen such that Eq. (22) remains satisfied. Apparently, the numerical algorithm fails when integrating the solution forward in time, which indicates that the front is unstable for the specific choice of parameters. Given that σ = 0 and l > 0, the left and right asymptotes of the front are given by ψ t = vθ and ψ t = 0, respectively, according to Eq. (27b). Clearly, the right value belongs to the interval (39), thus, it does not causes instability of the front. However, if the left value, vθ, lies outside the interval (39), it causes instability of the front. Inserting the value of B/A from the two examples above into Eq. (39), we find that in the first and second example, vθ lies inside and outside the interval (39), respectively. Hence, the behavior observed in Figs. 3 and 4 agrees with the stability criterion introduced in Section III B.
A large number of numerical simulations have been performed in order to systematically investigate the stability properties of the front. Within each simulation the parameters in the initial condition are, again, chosen such that Eq. (22) is satisfied. The result of this investigation is presented in Fig. 5 . Still, σ = 0 and l > 0, such that the left asymptotic value of the front is given by ψ t = vθ. For B/A > 1 the stability threshold curve in the (B/A, v)-plane is obtained when vθ equals the upper bound of the interval (39). Using Eq. (29) we obtain
For B/A < 1, the stability threshold curve is given by Eq. (30), since vθ lies within (outside) the interval (40) when v < v s (v > v s ), according to Eq. (29). The two stability threshold curves are included in Fig. 5 . The fine agreement between the numerical results and the stability threshold curves indicates that the stability criterion, introduced in Section III B, is both necessary and sufficient in order for the front solution to be stable. 
B. Head-on colliding fronts
The numerical simulation presented in Fig. 6 shows the result of a head-on collision between two fronts. From the simulation we observe that two new fronts emerge upon the collision. The contour plot reveals that these fronts travel at a higher speed, compared to the speed of the fronts before the collision. For other choices of initial condition, we found the outcome of the head-on collision to be fronts traveling at lower speed, compared to that of the fronts before the collision.
In order to analyze solutions of Eq. (15) that comprise two fronts, we assume that these fronts belong to the class of exact front solutions derived in Section III A above. Investigations of the fronts that emerge upon a head-on collision have made it clear that this assumption is true, only when the generalized traveling wave assumption is considered, in contrast to the standard traveling wave assumption. Then, for each of the two fronts in the solution we introduce four new parameters, v, θ, λ, and σ, which must satisfy Eq. (22) as
where subscript 1 and 2 denote parameters associated with waves positioned to the left and right, respectively. Furthermore, we require that solutions comprising two fronts are continuous and satisfy the following set of ar-bitrary boundary conditions
Assuming that l 1 > 0 and l 2 < 0, we find, using Eq. (27) , that the these requirements lead to the following conditions
Then, we substitute the boundary values found in Fig. 6 for P , Q, R, and S in Eqs. (62), and substitute the value of B/A into Eq. (60). Finally, solving the system of equations (60) and (62), we obtain the results listed in Table II . The solution in the first row of the table corresponds to the initial fronts found in Fig. 6 . The solution in the second row corresponds to two unstable fronts, according the stability criterion discussed above. The two fronts that emerge upon the head-on collision are defined by the values found in the third row of the table. Hence, the fronts after the collision travel at the velocities −v 1 = v 2 = 1.76, which is in agreement with the velocities determined from the slope of the contour lines in Fig. 6 .
VI. CONCLUSIONS
A nonlinear wave equation that governs finite amplitude acoustic disturbances in a thermoviscous Newtonian fluid, and includes nonlinear terms up to second order, has been presented. The single dependent variable is the velocity potential. It has been demonstrated that, in the non-dissipative limit, the equation preserves the Hamiltonian structure of the fundamental fluid dynamical equations, hence, the model equation is associated with corresponding Lagrangian and Hamiltonian densities. Furthermore, we found that the Kuznetsov equation is an approximation of the proposed nonlinear wave equation. However, in the non-dissipative limit the Kuznetsov equation is not Hamiltonian. Exact traveling front solutions, for the partial derivatives with respect to space and time of the dependent variable, has been obtained using a generalized traveling wave assumption. This generalized assumption leads to a wider class of exact solutions compared the one obtained from a standard traveling wave assumption, since the generalized assumption includes two arbitrary constants, which are added to the partial derivatives. As a result of the generalized traveling wave analysis we found that, in order for the front to exist, its boundary values, its propagation velocity, and the physical parameters of the problem must satisfy a given cubic equation in the front propagation velocity. The derivation of the exact solution applies equally It has been demonstrated that the overall stability properties of the front are determined by the stability of the two asymptotic tails of the front. A linear stability analysis of these steady parts of the solution revealed that the front is stable when the partial derivative with respect to time, which is proportional to the acoustic pressure, belongs to a critical interval, and is otherwise unstable. This stability criterion has been verified numerically, by (60) and (62) subject to P = −Q = 8.07 × 10 −2 , R = S = 9.60 × 10 −2 , and B/A = 5 (compare with Fig. 6 ). using the exact front solution as initial condition in a number of numerical simulations. It has been demonstrated that, in all cases, the front propagates at supersonic speed with respect to the fluid ahead of it, while it remains subsonic with respect to the fluid behind it. The same properties have been reported for the classical fluid dynamical shock. Furthermore, it has been demonstrated that the cubic equation, mentioned above, is equivalent to the well established Rankine-Hugoniot relations, which connect the physical quantities on each side of a shock. However, this result was accomplished only when considering the cubic equation obtained from the analysis of the proposed Hamiltonian wave equation. The generalized traveling wave analysis based on the Kuznetsov equation is not in agreement with the Rankine-Hugoniot relations. Estimates of the front thickness may be obtained using the values for the diffusivity of sound listed in Table. I. In water and air front thicknesses are found to be of the order 10 −9 and 10 −7 meters, respectively. However, caution should be taken with these estimates, as the small length scales violates the continuum assumption of the governing equations.
Numerical simulations of two head-on colliding fronts have demonstrated that two new fronts emerge upon the collision, and that these fronts, in the general case, travel at speeds, which are different from the speeds of the fronts before the collision. It has been demonstrated that the velocities of the fronts after the collision may be calculated, based on information about the fronts before the collision. However, in order to accomplish this calculation, it has proven necessary to introduce the generalized traveling wave assumption in the derivation of the front solution.
In future studies, it would be rewarding to further investigate a variety of interacting fronts, other than the head-on collision reported in this paper. Also a search for other types of wave solutions, might learn us more about the properties of the proposed Hamiltonian model equation and the Kuznetsov equation.
